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Abstract—We present a new measure of dependence suitable
for time series forecasting: Partial Monotone Correlation (PMC)
that generalizes Monotone Correlation. Unlike the Monotone
Correlation, the new measure of dependence uses piecewise
strictly monotone transformations that increase the value of the
correlation coefficient. We explore its properties, its relationship
with Monotone and Maximal Correlation, and present an algo-
rithm that calculates it based on the Simultaneous Perturbation
Stochastic Approximation method. We also demonstrate how to
apply Partial Monotone Correlation for time series analysis and
forecasting introducing Partial Monotone Autoregressive model
(PMAR) of order 1. Its performance is then evaluated against
the baseline of linear and nonlinear autoregressive models (AR,
LSTAR) on 150 time series produced from 3 datasets: Yellow Taxi
pickups, Citi Bike pickups, and Cellular Network hits. Overall,
PMAR model outperforms the baseline with the average sMAPE
of about 1.7-4% lower.

I. INTRODUCTION

Recent developments in computing, sensing and crowd-
sourced data have resulted in an explosion in the availability
of quantitative information. Given a set of relevant features,
it is very challenging to select a suitable model that can
deliver accurate results without exhausting computing resources
unnecessarily. For example, there have been many efforts that
apply neural network-based (NN) models to predict traffic
flow in transportation research [1]–[5]. Training a NN model
is, however, compute-intensive and substantial resources are
needed to construct such models. This problem is compounded
due to the need to experiment with various feature spaces for
better accuracy, large volumes of data, and repeated efforts
across applications [6], [7]. In recent studies [8], [9] that
evaluated several models forecasting Yellow Taxi and Uber
pickups, it was shown that expensive NN predictors do not
always outperform simpler autoregressive (AR) models, which
can be developed with just a small fraction of the computational
resources required for complex NN-based models.

As an example, consider the NYC Taxi & Limousine
Commission (TLC), an agency that is responsible for regulating
for-hire vehicles and drivers in NYC. It aims to ensure that New
Yorkers and visitors have access to taxicabs, car services, and
commuter van services that are safe, efficient and sufficiently
available. Even though there are over 100,000 for-hire vehicles
in NYC, many passengers are not able to find a cab when
they need it. Thus, the agency would like to build a model for
predicting the unmet taxi demand throughout the city using
the taxi trip data that they have been collecting (there are

about 170 million origin-destination records a year). Recent
analysis by TLC suggested that there is a strong correlation
of the socioeconomic impact to the taxi demand at various
governing zones in NYC. Therefore, it is necessary for the
agency to perform the unmet demand study at the building
block level. Due to the large number of building blocks in
NYC, training NN-based models [5], [10] at the building block
level for the entire city is time consuming and significantly
more expensive than other predictors. Despite being two orders
of magnitude more expensive, NN only outperforms ARIMA
in about 40% of the locations in prediction accuracy [8]. On
the other hand, the insights drawn from NN predictors can be
rather nonexplanatory. Indeed, NN models are complex and
often called “black boxes” for the lack of apparent dependence
between the input features and evaluated predictions [11], [12].

In other words, complex models including Neural Networks
are characterized with a low explanatory power by design.
Simpler autoregressive models on the other hand cannot detect
complex non-linear patterns. Motivated by the above, in this
work, we explore the potential of a non-linear autoregressive
model that has superior performance compared to existing ap-
proaches while remaining explanatory. We explore the existing
measures of dependence, including Maximal and Monotone
Correlation Coefficients, outline their main disadvantages in
terms of time series forecasting, and introduce a novel mea-
sure of dependence: Partial Monotone Correlation Coefficient
(PMCC). We demonstrate that the new measure of dependence
is a generalization of the Monotone Correlation Coefficient
that provides an approximate two-step transformation of one
random variable into another. PMCC keeps the shapes of the
transformations piecewise strictly monotone. For forecasting
applications the second transformation can be set one-to-one.

Unlike the Monotone Correlation Coefficient, PMCC can de-
tect near monotone relationships between random variables that
are common in many real-world applications. This advantage
allows PMCC to capture a wider range of nonlinear patterns in
analyzed data creating a potential for better forecasting models.

Figure 1 illustrates the limitations of the Monotone and
Maximal Correlation Coefficients. The former (bottom-center
and bottom-right) is affected by two outliers that break the
monotonic shape of the data, its maximizing transformation
f∗mono is not much different from the identity map (idX ).
Definition of the latter is too broad for neither of its maximizing
transformations f∗max (top-center) and g∗max (top-right) provide



an insight into the shape of the dataset (left).

Fig. 1. Left: original data (X ,Y ) with two outliers, top-center: unconstrained
X → f∗max(X), top-right: unconstrained Y → g∗max(Y ), bottom-center:
monotone X → f∗mono(X), bottom-right: monotone Y → g∗mono(Y ).

In summary, we make three key contributions:
• We define a new measure of dependence between two

real-valued random variables as a generalization of the
Monotone Correlation Coefficient [13] introducing Partial
Monotone Correlation Coefficient.

• We provide an empirical study comparing Linear, Mono-
tone, Partial Monotone, and Maximal autocorrelation
functions on a diverse set of time series with different
levels of autocorrelation.

• We demonstrate an application of the Partial Monotone
Correlation Coefficient for time series forecasting intro-
ducing PMAR: a basic autoregressive model of order 1.
We evaluate its performance against two baseline models:
AR(1) and two-regime LSTAR(1, 1) in terms of the mean
cross-validated sMAPE.

The remainder of the paper is organized as follows. We
discuss properties and limitations of the Maximal and the
Monotone Correlation Coefficients in Section II. The Partial
Monotone Correlation Coefficient is defined in Section III. We
demonstrate 2 applications of the new measure of dependence
for time series analysis and forecasting on Yellow Taxi, Citibike,
and Cellular datasets in Section IV. We summarize the paper
in Section V.
Assumptions and Notation. Throughout this paper we will
consider only discrete real-valued random variables X and Y
with finite support, assuming without loss of generality that
they are standardized

EX [X] = EY [Y ] = 0, EX [X2] = EY [Y 2] = 1. (1)

All of the transformations we apply to the variables are Borel-
measurable functions such that

f : R→ R, E [f(·)] = 0, E
[
f(·)2

]
= 1. (2)

Pearson product-moment correlation (or linear correlation)
between X and Y will be denoted as ρ(X,Y ) or ρ

ρ(X,Y ) = EXY [XY ].

We will reserve X , Y and Z for random variables in general
while {zt}N1 will denote a discrete real-valued time series of
length N . zt will stand for original time series, and zt−k will
denote its lag-k copy.

II. MAXIMAL CORRELATION FAMILY

A. Renyi Postulates

Measures of dependence of the Maximal Correlation family
aim to satisfy the postulates formulated by Alfred Renyi [14]:
(A) δ(X,Y ) is defined for any pair of random variables.

Neither X nor Y is being constant with probability 1.
(B) δ(X,Y ) = δ(Y,X).
(C) 0 ≤ δ(X,Y ) ≤ 1.
(D) δ(X,Y ) = 0 if and only if X and Y are independent.
(E) δ(X,Y ) = 1 if there is a strict dependence Y = f(X)

or X = g(Y ), f and g are Borel-measurable functions.
(F) if Borel-measurable f, g : R → R are one-to-one, then

δ (f(X), g(Y )) = δ(X,Y ).
(G) δ(X,Y ) = |ρ(X,Y )| if X and Y are jointly normal.

B. Maximal Correlation

The first measure of dependence that fits almost all of the
requirements of Renyi postulates was proposed by Gebelein
[15]. The measure named Maximal Correlation finds the
transformations f and g of the original variables X and Y that
maximize the linear correlation between them

ρmax(X,Y ) = max
f,g

(ρ(f(X), g(Y )) , (3)

which following our assumptions (1) and (2) in Section I
(Assumptions and Notation) simplifies to

ρmax(X,Y ) = max
f,g

EXY [f(X)g(Y )] . (4)

Satisfaction of the postulates (A), (B), (C), (E), and (F) is
evident, (D) and (G) were demonstrated in [14] and [16].

C. Computation of Maximal Correlation

Once the data is quantized, with the assumptions in Section I,
the value of the Maximal Correlation can be calculated with
an eigenvalue decomposition [17] or with a singular value
decomposition of the contingency table for X and Y [18].

In addition, several special cases are known. As mentioned
in II-A (Renyi Postulates, (G)), Maximal Correlation is equal to
absolute value of linear correlation for jointly normal random
variables. Maximal Correlation between partial sums of n
independent identically distributed non-degenerate random
variables Z1, . . . , Zn was shown in [19]–[21] to be equal to

ρmax(X,Y ) =
m− k√
m(n− k)

,

where X = Z1 + · · · + Zm, Y = Zk+1 + · · · + Zn, and
1 ≤ k + 1 ≤ m ≤ n.

D. Monotone Correlation

Kimeldorf and Sampson [13] demonstrated that maximiza-
tion over all Borel-measurable functions f and g is too broad
and in some cases leads to ρmax(X,Y ) > 0 for independent
random variables. In order to address the principal limitation
of the Maximal Correlation Coefficient, they restricted the
transformations f and g to be monotone introducing the



Monotone Correlation coefficient. Following our assumptions
(1) and (2) it equals to

ρmono(X,Y ) = max
f,g:monotone

EXY [f(X)g(Y )] . (5)

It is clear from the definition that it satisfies

|ρ(X,Y )| ≤ ρmono(X,Y ) ≤ ρmax(X,Y ).

The new measure of dependence was demonstrated to be
equal to 0 iff X and Y are independent. Further developing
the dependence measure they introduced concordant (both
functions are increasing or decreasing) and discordant (one of
the functions is increasing while another one is decreasing)
Monotone Correlation Coefficients [22].

E. Computation of Monotone Correlation

To the best of our knowledge, calculation of pmono(X,Y )
does not reduce to an eigenvalue problem similarly to
ρmax(X,Y ). However, other special cases postulated in Sec-
tion II-A (Renyi Postulates) naturally hold for ρmono as well.

For the general case, Kimeldorf, Sampson, and May used
a modified Newton method QRMNEW [23] to find the
approximated value of ρmono [22].

F. Limitations of Maximal and Monotone Correlation

Maximal and Monotone Correlation Coefficients and their
variations are defined with transformations f and g that are
not one-to-one in general, they are not guaranteed to have
inverses f−1 and g−1 making them not useful for time series
forecasting.

On the other hand, transformations f and g that maximize
ρmax are too general and have poor explanatory power. While
ρmono provides insignificant increase of the correlation between
two random variables that are near monotonically related.

III. PARTIAL MONOTONE CORRELATION

A. Definition

To mitigate the limitations of the Maximal and Monotone
Correlation, and make them applicable to time series fore-
casting, we introduce a new measure of dependence: Partial
Monotone Correlation Coefficient. PMCC finds piecewise
strictly monotone transformations fm and gn (defined on m+1
and n+ 1 intervals correspondingly) that maximize the linear
correlation between the random variables

ρp.mono(X,Y,m, n) = sup
fm,gn

(ρ(fm(X), gn(Y )) ,

m = |{i|fm(x(i)) > fm(x(i+1))}|,
n = |{j|gn(y(j)) > gn(y(j+1))}|,

(6)

where x(i) and y(j) stand for the ith and jth biggest val-
ues observed for X and Y correspondingly: ∀i < M :
x(i) ≤ x(i+1), and similarly ∀j < N : y(j) ≤ y(j+1). For
example, for observations (x1, x2, x3)T = (5, 3, 7)T we have
(x(1), x(2), x(3))

T = (3, 5, 7)T .
Since the set of strictly monotone functions is not closed but

dense within the set of monotone functions under the infinity

norm topology, the value of Monotone Correlation ρmono is a
special case of Partial Monotone Correlation ρp.mono. Namely,

ρp.mono(X,Y, 0, 0) = ρmono(X,Y ). (7)

We have ρp.mono(X,Y, 0, 0) = supf0,g0 EXY [f0(X)g0(Y )]
= maxf,g:monotone EXY [f(X)g(Y )] = ρmono(X,Y ).

On the other hand, Partial Monotone Correlation is a special
case of the Maximal Correlation

ρp.mono(X,Y,m = M,n = N) = ρmax(X,Y ), (8)

where M and N stand for the number of distinct values that
X and Y take correspondingly. As a result, the value of Partial
Monotone Correlation is bounded within the values of Maximal
and Monotone Correlation

ρmax(X,Y ) ≥ ρp.mono(X,Y,m, n) ≥ ρmono(X,Y ). (9)

B. Approximation

First, we will describe optimization of the case when both
of the maximizing functions fm and gn are strictly monotone
(m = 0, n = 0), which is equivalent to calculating Monotone
Correlation as shown in (7). Then we will generalize it for the
cases when either m or n are greater than zero.

Our approach employs Simultaneous Perturbation Stochastic
Approximation [24] (SPSA) technique with addition of strictly
monotone constraints pairwise to the dimensions in parameter
space. Our first problem is to find strictly monotone f0 and
g0 that maximize EXY [f0(X)g0(Y )].

As both of the transformations are discrete, we set

f0(X) = X + ∆x, g0(Y ) = Y + ∆y,

where ∆x and ∆y are discrete real-valued random variables
as well. Having observed K +K samples: (x1, . . . , xK)T for
X and (y1, . . . , yK)T for Y , we select all of the M distinct
values of xi and all of the N distinct values of yj since f0
and g0 are defined by distinct values in observations of X and
Y . Correspondingly, there are M perturbations (δx1 , . . . , δ

x
M )T

for X in ∆x and N perturbations (δy1 , . . . , δ
y
N )T for Y in ∆y .

Therefore, the transformations are completely defined by M +
N parameters, and the optimization problem is transformed into
a maximization in (M +N)-dimensional space with objective
function 0 ≤ EXY [(X + ∆x)(Y + ∆y)] ≤ 1.

Our constraints are f0 and g0 being strictly monotone

∀i < M : x(i) + δx(i) < x(i+1) + δx(i+1) (10)

∀j < N : y(j) + δy(j) < y(j+1) + δy(j+1), (11)

where ∀i < M : x(i) < x(i+1) and ∀j < N : y(j) < y(j+1)

stand for distinct observations of X and Y sorted in ascending
order.

Overall, key idea for our optimization approach is to pick a
uniformly random direction through a point Z on (M +N)-
dimensional sphere: Z ∼ N (0, I), s.t. ‖Z‖ = 1. The first M
dimensions ZM1 = (z1, . . . , zM )T correspond to the direction
of change in ∆x, while the last N dimensions ZM+N

M+1 =



(zM+1, . . . , zM+N )T correspond to the direction of change in
∆y . Namely,

f0(X) = X + ∆x = X + αZM1

g0(Y ) = Y + ∆y = Y + αZM+N
M+1 ,

where α quantifies the amount of change in the direction Z.
To keep f0 and g0 strictly monotone, we need to find a range

[αmin, αmax] s.t. both X+αminZ
M
1 and X+αmaxZ

M
1 satisfy

(10), while Y +αminZ
M+N
M+1 and Y +αmaxZ

M+N
M+1 satisfy (11).

Having distinct values of X arranged in ascending order,
the calculation of αmin and αmax for X reduces to pairwise
evaluation of values αi,i+1 that break the monotonicity con-
straint (10) given x(i), x(i+1), zi, zi+1. Fig. 2 illustrates the
constraint on αi,i+1 for the dimensions x(i) and x(i+1) and
the perturbations zi and zi+1. Solving for αi,i+1, we obtain

αi,i+1 =
x(i+1) − x(i)
zi − zi+1

. (12)

Clearly, if αi,i+1 > 0 then αmax > αi,i+1 will break mono-
tonicity constraint. Similarly, if αi,i+1 < 0 then αmin < αi,i+1

will break the constraint. Overall,

αmax = min ({αi,i+1|αi,i+1 > 0}) (13)
αmin = max ({αi,i+1|αi,i+1 < 0}) . (14)

Range of allowed values of α for Y is calculated similarly.
The final interval [αmin, αmax] is obtained intersecting the
intervals calculated for X and Y .

Finally, on every iteration having calculated the range
[αmin, αmax], our task is to pick α within the range that will
maximize EXY [(X + αZM1 )(Y + αZM+N

M+1 )].

Fig. 2. Pairwise strictly monotone constraint for dimensions x(i) and x(i+1).
Gray half-plane denotes the region where the constraint (10) is unsatisfied. The
amount of perturbation in x(i) and x(i+1) is controlled with α(zi, zi+1)

T .
The minimal or maximal allowed value of αi,i+1 lies on the intersection of
the span of (zi, zi+1)

T and the line that separates the half-planes.

Altogether, our algorithm for finding f0 and g0 is as follows:

• Initialization. Set X0 = X , Y 0 = Y . Calculate linear
correlation ρ0 = EXY [XY ]. If ρ0 < 0, set Y 0 = −Y ,
ρ0 = −ρ0, since g0(Y ) = −Y is a strictly monotone
function. Specify initial value of c0. Specify a sufficiently
small stopping threshold θ.

• Iteration n. Set cn = cn−1/
√
n. Pick Z ∼ N (0, I).

Set Z = Z/‖Z‖. Calculate the range [αmin, αmax].
Simultaneously perturb values of Z with [25] on the
range [αmin, αmax] using cn, and normalize perturbed
Z with ‖Z‖. Calculate new [αmin, αmax]. Evaluate
EXY [(Xn−1 +αZM1 )(Y n−1 +αZM+N

M+1 )] with m values
of α uniformly distributed on [αmin, αmax]. Pick αi
that maximizes the objective function, and calculate
Xn = Xn−1 + αiZ

M
1 , Y n = Y n−1 + αiZ

M+N
M+1 .

• Stopping Criteria. Stop the optimization on step s if
EXY [XnY n]− EXY [Xn−1Y n−1] ≤ θ.

The maximizing transformations f0 and g0 can be obtained
from the values Xs and Y s: ∆x = Xs −X , ∆y = Y s − Y .

To approximate ρp.mono(X,Y,m, 0) for m > 0, we employ
greedy approach. First, we calculate ρp.mono(X,Y, 0, 0), Xs =
f0(X), and Y s = g0(Y ). Then we iteratively select m indices
of the values in the sorted set xs(i) s.t. the difference between
the corresponding mapped values is maximal.

Once the indices are selected, they are excluded from the
calculation of the constraint on αmin and αmax in (12). Such
an exclusion effectively allows the transformation fm to break
monotonicity constraint up to m times.

Due to symmetry of ρp.mono, we have ρp.mono(X,Y, 0, n) =
ρp.mono(Y,X, n, 0). Computation of ρp.mono(X,Y,m, n) for
both m > 0 and n > 0 is analogous to ρp.mono(X,Y,m, 0)
case.

IV. APPLICATIONS OF PARTIAL MONOTONE CORRELATION

One of the most natural applications of a measure of depen-
dence is time series forecasting. We build a basic first-order
autoregressive model based on the application of the forward
fm and inverse g−1

0 (strictly monotone) transformations aquired
from ρp.mono(X,Y,m, 0). We then evaluate its performance
against linear and nonlinear autoregressive models of order 1.

A. Datasets

In our experiments we used 3 datasets: trip record data for
Yellow Taxis collected by New York City Taxi and Limousine
Commission in June of 2018 [26], trip histories for Citi
Bike [27], and anonymized cellular network data collected
by Telefónica Chile in November of 2017, and described in
details in [28]. In order to build time series of Yellow Taxi
pickups, Citi Bike pickups, and Cellular Network hits, we
aggregated the total number of passengers picked up within
each hour at every taxi zone, total number of bikes picked
up hourly at each station, and the total number of signalling
exchange records at every cellular tower correspondingly.

We have randomly selected 50 resulting time series from
each dataset (150 in total) and shortened each of the series
to a period of 1 week or 168 hourly values: last week of
June for Yellow Taxi and Citi Bike pickups, and the second



to last week of November for Cellular Network hits. Values
of each time series zt are normalized to range on [0, 1] with
(zt−min(zt))/(max(zt)−min(zt)). The time series are shown
superimposed on Fig. 3.

Fig. 3. Left: hourly normalized time series representing 50 Yellow Taxi zones,
50 Citi Bike stations, and 50 Cellular Towers. Right: corresponding normalized
linear autocorrelation functions.

B. Error metric and bias

To measure forecasting accuracy, we employed the symmetric
mean absolute percentage error (sMAPE) that is frequently
used to evaluate performance of time series forecasting models
[29], [30]. It is defined by

sMAPE =
100%

N

N∑
t=1

|ẑt − zt|
|ẑt|+ |zt|

where zt denotes the actual values of a time series, and ẑt
stands for the predicted ones. We evaluate whether our models
systematically underpredict or overpredict with a simple bias

bias =
1

N

N∑
t=1

ẑt − zt.

C. Cross-validation

In order to reduce the bias in our experiments, we implement
cross-validation scheme [31] commonly used for time series.
First, we build a training set from the first 95% (160 first hours
of the week) of the values of a time series and predict the

value that follows it. Then on every following iteration, we
increase the training set with one sequential value and predict
the value after it. We keep itbyerating until the size of the
training set has all the values of the series except for the last
one.

The overall error is computed as the arithmetic mean of all
the sMAPE values calculated on every iteration.

D. Partial Monotone Autoregression

PMCC maximizes the correlation between X and Y with
transformations f∗m and g∗n. Mapping X with a composition
of f∗m and inverse of g∗0 we can approximately transform X
into Y effectively predicting Y given X . We define our model,
Partial Monotone Autoregression of order 1, PMAR(1) by

g∗0(zt) = αf∗m(zt−1) + β + εt, (15)

where zt−1 is a lag-1 copy of the time series zt, f∗m and g∗0
are the maximizing transformations of ρp.mono (zt−1, zt,m, 0),
α and β are the parameters of the simple linear regression
between f∗m(zt−1) and g∗0(zt), εt ∼ N (0, σ2) is i.i.d. error at
time t. Solving (15) for zt, we forecast it with

zt = (g∗0)
−1 [

αf∗m(zt−1) + β
]
. (16)

The key idea of PMAR is to use a piecewise strictly
monotone function fm and a strictly monotone function g0 to
transform the last observed value zt−1 into zt with forward
and inverse mappings. The stronger is the observed partial
monotone relation ρp.momo between the time series zt and its
lagged copy zt−1, the higher is our confidence in the prediction.

E. Baseline Predictors

To evaluate forecasting performance, we employ 2 baseline
predictors: Linear Autoregression (AR) and Logistic Smooth
Transition Autoregression (LSTAR) models [32] of order 1.
The first model will provide a linear baseline for forecasting
accuracy. AR model of order 1 is defined by

zt = c+ φ1zt−1 + εt,

where φ1 and c are the model’s parameters, and εt is i.i.d.
error at time t, εt ∼ N (0, σ2). We use LSTAR model as a
nonlinear baseline. Two-regime LSTAR of order (1, 1) and is
defined by

zt = φ1 (1−G(zt−1, γ, c)) + φ2G(zt−1, γ, c) + εt,

where εt ∼ N (0, σ2) is i.i.d. error at time t, φ stores the
model’s parameters, and G represents a nonlinear transition
function. We employ a first-order logistic regression

G (zt, γ, c) =
(

1 + e−γ(zt−c)
)−1

.



Fig. 4. Top: monotone X → f∗mono(X) and Y → g∗mono(Y ). Bottom:
partially monotone X → f∗p.mono(X) and Y → g∗p.mono(Y ).

F. Results

To demonstrate that PMCC does not suffer from the
limitations mentioned in Section I and shown on Fig. 1,
we applied it to the same toy dataset. Its piecewise strictly
monotone transformation f∗2 (labeled as f∗p.mono) effectively
captured the shape of the data (see Fig. 4).

Mean cross-validated sMAPE errors for Yellow Taxi, Citi
Bike, and Cellular Network datasets are shown on Fig. 5. The
time series are sorted descending based on the value of the error
produced by AR model. On average PMAR outperforms both
the linear and nonlinear baseline models in terms of sMAPE
errors on all 3 datasets by 1.6% - 4% (see Table V). However,
we notice that for Citi Bike pickups time series #35-50 that
are highly linearly autocorrelated, both PMAR and LSTAR
being nonlinear produce larger errors due to overfitting.

On the other hand, PMAR is characterized with a signifi-
cantly larger negative bias when applied to Yellow Taxi pickups
time series, and positive bias when applied to Cellular Network
hits dataset (see Table VI). The bias could be caused by PMAR
evaluating (16) for values zt−1 that were not observed during
the fitting of the model. It could be corrected via asymptotic
extrapolation of f∗m and g∗0 for such unobserved values.

Fig. 6 shows values of Maximal (ρmax), Partial Monotone
(ρp.mono), Monotone (ρmono), and Linear (ρ) Autocorrelation
functions at lag 1 (calculated between every time series zt
and its lagged copy zt−1). To compute Partial Monotone
Correlation, we set m equal to the number of distinct values
in each time series divided by 2, and n = 0. We sort the
time series based on the value of their Linear Autocorrelation
function at lag 1.

As expected, the values of the Partial Monotone Autocorre-
lation function are bounded between Monotone and Maximal
Autocorrelation functions. We also notice relatively high linear
dependence between the values of ρmax and ρp.mono, and
between ρp.mono and ρmono. The cross-correlation matrices
are presented in Tables II, III, IV.

On average across all 3 datasets, values of ρp.mono are closer
to ρmax than to ρmono. Table I shows the mean differences

TABLE I
MEAN DIFFERENCES BETWEEN AUTOCORRELATION FUNCTIONS

ρmax − ρp.mono ρp.mono − ρmono

Yellow Taxi 0.07 0.16

Citi Bike 0.26 0.34

Cellular Network 0.04 0.11

TABLE II
YELLOW TAXI. CROSS-CORRELATION MATRIX

ρmax ρp.mono ρmono ρ

ρmax 1.0 0.73 0.06 0.13

ρp.mono 0.73 1.0 0.64 0.68

ρmono 0.06 0.64 1.0 0.95

ρ 0.13 0.68 0.95 1.0

TABLE III
CITI BIKE. CROSS-CORRELATION MATRIX

ρmax ρp.mono ρmono ρ

ρmax 1.0 0.54 0.17 0.27

ρp.mono 0.54 1.0 0.63 0.61

ρmono 0.17 0.63 1.0 0.9

ρ 0.27 0.61 0.9 1.0

TABLE IV
CELLULAR NETWORK. CROSS-CORRELATION MATRIX

ρmax ρp.mono ρmono ρ

ρmax 1.0 0.61 0.33 0.41

ρp.mono 0.61 1.0 0.88 0.8

ρmono 0.33 0.88 1.0 0.85

ρ 0.41 0.8 0.85 1.0

TABLE V
MEAN SMAPE ERRORS

AR LSTAR PMAR Improvement
Yellow Taxi 12.27% 12.68% 9.86% 2.41%

Citi Bike 26.04% 29.55% 22.0% 4.04%
Cellular Network 8.63% 8.93% 6.94% 1.69%

between the autocorrelation functions.
One of the time series from Yellow Taxi dataset (#45 on

Fig. 6) has the highest difference between Partial Monotone
and Linear autocorrelation at lag 1: the correlation grows
from 0.1997 to 0.6149. The time series and its scatter plots
before and after Partial Monotone transformation, as well as
maximizing transformations are demonstrated on Fig. 7. We
notice that the correlation of 0.6149 is attained solely through
breaking the monotonicity constraint in transformation f∗m 10
times which would not be possible to achieve with ρmono.

V. CONCLUSION

In this paper, we have briefly outlined the properties and
limitations of Maximal and Monotone Correlation Coefficients



Fig. 5. Forecasting errors for Yellow Taxi and Citi Bike pickups, and Cellular Network hits time series.

Fig. 6. Maximal, Partial Monotone, Monotone, and Linear Autocorrelation functions at lag 1 calculated for Yellow Taxi, Citi Bike, and Cellular Network time
series.

TABLE VI
MEAN BIAS

AR LSTAR PMAR
Yellow Taxi -7.91 1.22 -16.17

Citi Bike 1.30 1.39 0.54

Cellular Network 0.99 4.82 14.40

in terms of their application to time series analysis and
forecasting. By definition, transformations that maximize the
values of the correlation coefficients are not guaranteed to
have inverses in general. This prohibits forecasting of one
of the random variables based on the forward and inverse
transformations on the other. Moreover, transformations that
maximize the value of Maximal Correlation are too broad and
have a poor explanatory power.

To remove these limitations, we introduced a new measure
of dependence: Partial Monotone Correlation that is restricted
to piecewise strictly monotone functions only. We have demon-
strated that Partial Monotone Correlation is a generalization
of Monotone Correlation allowing for detection of a broader
class of relations between random variables. Moreover, setting
one of the maximizing functions strictly monotone allows us
to map one random variable into another through forward and
inverse transformations which is essential for autoregressive
forecasting models.

Our experiments with Yellow Taxi, Citi Bike, and Cellular
Network data provided additional empirical support that the
definition of the Maximal Correlation is too broad [13]. Further

experiments with time series forecasting provided evidence
that Partial Monotone Autoregressive model we introduced
outperforms the baseline consisting of AR and LSTAR models
by 1.7-4%. However, PMAR’s performance was undermined
by overfitting on several time series that have a high linear
autocorrelation.

Throughout the paper we have only considered a basic
autoregressive model of the first order. Clearly, there are
longer periodic patterns present in the data sets used in our
experiments. Our future work will explore generalization of
the PMAR model to higher order, and analysis of the Partial
Monotone autocorrelation function.
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